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We present a high statistics study of the pion and nucleon light and strange quark sigma terms
using Nf = 2 dynamical non-perturbatively improved clover fermions with a range of pion masses
down to mpi ∼ 150 MeV and several volumes, Lmpi = 3.4 up to 6.7, and lattice spacings, a =
0.06 − 0.08 fm, enabling a study of finite volume and discretisation effects for mpi & 260 MeV.
Systematics are found to be reasonably under control. For the nucleon we obtain σpiN = 35(6) MeV
and σs = 35(12) MeV, or equivalently in terms of the quark fractions, fTu = 0.021(4), fTd = 0.016(4)
and fTs = 0.037(13), where the errors include estimates of both the systematic and statistical
uncertainties. These values, together with perturbative matching in the heavy quark limit, lead to
fTc = 0.075(4), fTb = 0.072(2) and fTt = 0.070(1). In addition, through the use of the (inverse)
Feynman-Hellmann theorem our results for σpiN are shown to be consistent with the nucleon masses
determined in the analysis. For the pion we implement a method which greatly reduces excited state
contamination to the scalar matrix elements from states travelling across the temporal boundary.
This enables us to demonstrate the Gell-Mann-Oakes-Renner expectation σpi = mpi/2 over our range
of pion masses.
I. INTRODUCTION
How the quark and gluon constituents of matter ac-
count for the properties of hadronic bound states is of
fundamental interest. The decomposition for one of the
most basic properties, the hadron mass, has been un-
derstood for some time [1–3], however, the magnitude
of each contribution is as yet only approximately known
due to its non-perturbative nature. Of particular im-
portance are quark scalar matrix elements that form the
quark contribution to the hadron mass. For the case of
the nucleon, these matrix elements are also needed for
determining the size of dark matter-nucleon scattering
cross-sections for direct detection experiments (see, for
example, Refs. [4–9]). A variety of approaches have been
used to determine the scalar matrix elements or sigma
terms from pion-nucleon scattering data [10–14]. Lat-
tice calculations, as a first principles approach, are now
gaining prominence, not least due to the refinement of
techniques and increase in computational power avail-
able which now allows for the direct evaluation of the
sigma terms at the physical point [15, 16]. In this work,
we present results for the pion and nucleon scalar matrix
elements close to the physical point, but also investigate
the quark mass dependence up to mpi . 500 MeV and the
lattice systematics including lattice spacing and volume
dependence. On a technical note, our analysis includes a
method for reducing excited state contamination to pion
three-point functions by isolating the forward propagat-
ing pion for lattices with anti-periodic fermionic bound-
ary conditions in time.
By way of introduction, we review the decomposition
of hadron masses into the quark and gluon contributions
and the scalar matrix elements of interest. The starting
point is the energy momentum tensor of QCD [17–19]
Tµν =
1
4
∑
q
q¯γ(µ
←→
D ν)q + FµαFνα − 1
4
δµνF
2 (1)
and its anomalous trace [20–24]:
Tµµ = (γm(α)− 1)
∑
q
mq q¯q +
β(α)
4α
F 2. (2)
For our conventions see Appendix A. We define the ex-
pectation value for the hadron state, |H〉:
〈Tµν〉H = 〈H|Tµν |H〉 − 〈0|Tµν |0〉
=
〈
H| ∫ d3xTµν(x)|H〉
〈H|H〉 −
〈
0
∣∣∣∣∫ d3xTµν(x)∣∣∣∣ 0〉 .
(3)
Since −T44 is the Hamiltonian density, in the rest frame
of the hadron H, 〈T44〉H = −MH gives the mass while
〈Tij〉H = 〈T4i〉H = 0. This means that in any Lorentz
frame:
mH = −〈Tµµ〉H
=
∑
q
mq〈q¯q〉H − γm(α)
∑
q
mq〈q¯q〉H − β(α)
4α
〈F 2〉H .
(4)
For zero momentum this is the same as [2],
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2mH = −〈T44〉H =
∑
q
mq〈q¯q〉H︸ ︷︷ ︸
〈Hm〉H
+
1
2
〈B2 −E2〉H +
∑
q
〈q¯D · γq〉H︸ ︷︷ ︸
〈Hkin〉H=3〈Ha〉H
−1
4
[
γm
∑
q
mq〈q¯q〉H + β
4α
〈E2 +B2〉H
]
︸ ︷︷ ︸
〈Ha〉H= 14 (mH−〈Hm〉H)
. (5)
The terms are grouped into scale invariant combina-
tions [25]: 〈Hm〉H , the quark mass contribution, 〈Hkin〉H ,
arising from the quark and gluon kinetic energies and
〈Ha〉H from the trace anomaly. Comparison with Eq. (4)
demonstrates that knowledge of the sigma terms σHq =
mq〈q¯q〉H and mH is sufficient to determine all three com-
ponents. We remark that the individual (scale depen-
dent) quark and gluon kinetic energies can be computed
on the lattice, however, this is not attempted here. In
a theory with only two light quarks, q = u, d, then
〈Hm〉N = σNu + σNd = σpiN for the nucleon. We de-
fine σpiu + σ
pi
d = σpi for the light quark pion sigma term.
Early estimates, employing Eq. (4) and SU(3) flavour
symmetry breaking of baryon octet masses [26] suggested
σpiN ∼ 26 MeV, while σpi ∼ mpi/2 can be inferred from
the Gell-Mann-Oakes-Renner (GMOR) relation and the
Feynman-Hellmann theorem, σHq = mq∂mH/∂mq (this
was noted in Refs. [27–29] and confirmed in Ref. [29]
at mpi = 281 MeV). Using σpiN ∼ 35 MeV ∼ 0.04mN ,
which is close to the result presented later in this paper,
we have the decompositions for Nf = 2 QCD:
mN ≈ (0.04mN )m + (0.72mN )kin + (0.24mN )a , (6)
mpi ≈
(
1
2
mpi
)
m
+
(
3
8
mpi
)
kin
+
(
1
8
mpi
)
a
, (7)
reflecting the different impact of spontaneous chiral sym-
metry breaking in the two cases, i.e. mN > 0 for mq = 0.
These decompositions will be modified in the presence
of the sea quarks s, c, b, t. While the sigma terms for
the light and strange quarks, q = u, d, s, must be deter-
mined via non-perturbative methods one can appeal to
the heavy quark limit in order to evaluate σc,b,t. Follow-
ing Ref. [1], in the effective theory the heavy quark (h)
term mhh¯h, to leading order in the QCD coupling α,
transforms as −(2/3)(α/(8pi))F 2 +O (Λ2/m2h), where Λ
is the typical QCD scale. One can then use Eq. (4) to
express σh in terms of the sum of the sigma terms
1 for
which mq  mh. To leading order in 1/mh and α one
obtains:
σh=c,b,t =
2
27
mH − ∑
q=u,d,s
σq
 . (8)
1 Below we will suppress the super- and subscripts indicating H =
pi,N , whenever this is clear from the context.
See Refs. [6, 30] for radiative corrections. Alternatively,
in terms of the quark mass fractions, fTq = σq/mH ,
mHfTh =
2
27
mH
1− ∑
q=u,d,s
fTq
 ≡ 2
27
mHfTG . (9)
For the nucleon, these quark fractions are needed to de-
termine the coupling to the Standard Model Higgs bo-
son or to other scalar particles, for example, in dark
matter-nucleon scattering [4–9]. The cross-section is pro-
portional to |fN |2, where (using Eq. (9))
fN
mN
≈
∑
q=u,d,s
fTq
αq
mq
+
2
27
fTG
∑
q=c,b,t
αq
mq
, (10)
with the couplings αq ∝ mq/mW in the Higgs case.
For the light and strange sigma terms one can go fur-
ther and disentangle the contributions from the valence
and sea quarks through the ratios,
rsea =
〈u¯u+ d¯d〉sea
〈u¯u+ d¯d〉 and y =
2〈s¯s〉
〈u¯u+ d¯d〉 , (11)
while the SU(3) flavour symmetry of the sea is probed
with the ratio
asea =
2〈s¯s〉
〈u¯u+ d¯d〉sea . (12)
Other quantities of interest are the non-singlet sigma
term, σ0 =
1
2 (mu + md)〈u¯u + d¯d − 2s¯s〉 and the isospin
asymmetry ratio
z =
〈u¯u− s¯s〉
〈d¯d− s¯s〉 . (13)
In a naive picture of the proton with only valence
quarks z = 1.5. Using Gell-Mann-Okubo mass relations,
Ref. [26] estimated this to be only slightly modified to
1.49 in the presence of sea quarks. The individual light
and strange quark sigma terms can be obtained from dif-
ferent combinations of σ0, z and σpiN , see, for example,
Ref. [4].
This paper is organized as follows: in the next section
we provide details of the simulation including the lattice
set-up and the construction of the connected and discon-
nected quark line diagrams needed for the computation
of the pion and nucleon scalar matrix elements. These
matrix elements typically suffer from significant excited
state contamination. The fitting procedures employed
3TABLE I. Details of the ensembles used in the analysis including the lattice spacing a, the light quark mass parameter κ`,
the lattice volume V , the pion mass mpi and the spatial lattice extent L in units of mpi. The finite volume pion masses were
determined in Ref. [31] and the errors include an estimate of both the systematic and statistical uncertainty. The number of
configurations nconf employed is given along with the number of measurements of the three-point functions on each configuration
for the connected n3pt,connN and disconnected n
3pt,dis
N contributions for the nucleon and similarly for the pion. The number of
Wuppertal smearing iterations nsm applied to the light quark appearing in the pion and nucleon interpolators is also shown.
Ensemble β a [fm] κ` V mpi [GeV] Lmpi n
conf n3pt,connN n
3pt,dis
N n
3pt,conn
pi n
3pt,dis
pi nsm
I 5.20 0.081 0.13596 323 × 64 0.2795(18) 3.69 1986 4 8 300
II 5.29 0.071 0.13620 243 × 48 0.4264(20) 3.71 1999 2 8 300
III 0.13620 323 × 64 0.4222(13) 4.90 1998 2 8 2 8 300
IV 0.13632 323 × 64 0.2946(14) 3.42 2023 2 8 2 8 400
V 403 × 64 0.2888(11) 4.19 2025 2 8 2 8 400
VI 643 × 64 0.2895(07) 6.71 1232 2 8 400
VIII 0.13640 643 × 64 0.1497(13) 3.47 1593 3 8 3 8 400
IX 5.40 0.060 0.13640 323 × 64 0.4897(17) 4.81 1123 2 8 400
X 0.13647 323 × 64 0.4262(20) 4.18 1999 2 8 450
XI 0.13660 483 × 64 0.2595(09) 3.82 2177 2 8 600
to ensure the ground states are extracted reliably is dis-
cussed in Sections II B and II C, for the pion and the
nucleon, respectively. Some of the quantities given above
require renormalization due to the explicit breaking of
chiral symmetry for our lattice fermion action. The rele-
vant renormalization factors are detailed in Section II D.
Our final results for the sigma terms, including mass and
volume dependence are presented in Section III for the
pion and, also including lattice spacing effects, for the nu-
cleon in Section IV. For the latter a comparison is made
with other recent lattice determinations by direct and
indirect (via the Feynman-Hellmann theorem) methods
and also other theoretical results in Section V. We con-
clude in Section VI. For the sake of brevity, our conven-
tions for the definition of the energy-momentum tensor
are collected in Appendix A. For the pion, in order to
reduce excited state contamination, we construct the rel-
evant two- and three-point functions from quark prop-
agators with both periodic and anti-periodic boundary
conditions in time. This approach is discussed in Ap-
pendix B. Finally, the finite volume chiral perturbation
theory expressions we use when investigating finite size
effects on the sigma terms and nucleon mass are given in
Appendix C.
II. SIMULATION DETAILS
A. Lattice set-up and methods
The analysis was performed on Nf = 2 ensembles us-
ing the Wilson gauge action with non-perturbatively im-
proved clover fermions generated by QCDSF and the Re-
gensburg lattice QCD group (RQCD). A wide range of
pion masses (mpi = 490 MeV down to 150 MeV) and spa-
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FIG. 1. Overview of the ensembles listed in Table I. Colours
indicate the lattice spacings and symbols the lattice extents.
This labelling will be used in the figures presented in Secs. III–
V. Different volume ranges are indicated by the horizontal
lines.
tial lattice extents (Lmpi = 3.4 up to 6.7) were realized
over a limited range of lattice spacings (a = 0.08 fm to
0.06 fm). The scale was set using the value r0 ≈ 0.5 fm
at vanishing quark mass, obtained by extrapolating the
nucleon mass to the physical point (within our range of
a) [32]. Table I gives details of the ensembles and Fig. 1
illustrates the range of volumes available for each pion
mass.
The full set of ensembles was used in the determina-
tion of the nucleon scalar matrix elements enabling a con-
strained approach to the physical point and a thorough
investigation of finite volume effects using three spatial
extents with mpi ∼ 290 MeV at fixed lattice spacing. Dis-
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FIG. 2. Quark line connected (Cconn3pt (tf , t, ti), top) and discon-
nected (Cdis3pt(tf , t, ti), bottom) three-point functions for the
nucleon. The quark contractions give a relative minus sign
between the diagrams. Note that for scalar matrix elements,
the vacuum expectation value of the current insertion needs
to be subtracted (q¯q 7→ q¯q−〈q¯q〉), see Eqs. (3) and (15). The
blue lines represent light quarks. The disconnected loop is
evaluated for both light and strange quarks.
cretisation effects are O(a2) for some non-singlet combi-
nations of scalar currents and O(a) for others (see Sec-
tion II D). The latter being due to mixing with the glu-
onic operator aF 2 [33] or O(amq) terms. Note that mix-
ing with aF 2 is present also for other actions such as
the twisted mass (including maximal twist) and overlap
actions. No clear indication of significant discretisation
effects is seen in our results, however, a (a2) only varies
by a factor 1.3 (1.8) in our simulations and, hence, this
cannot be checked decisively.
A further source of systematic uncertainty is excited
state contamination. As in our studies of nucleon isovec-
tor quantities [31, 34] a careful investigation of ex-
cited state contributions is performed, see Sections II B
and II C for the pion and nucleon, respectively. This is an
important issue for our analysis of pion scalar matrix el-
ements, since terms arising from multi-pion states which
propagate around the temporal boundary can dominate
the three-point function if the temporal extent of the
lattice is not large. In particular, for the near physi-
cal point ensemble the temporal extent of the lattice is
only T ∼ 4.58 fm ≈ 3.5/mpi. Our method for reduc-
ing this contribution and ensuring ground state domi-
nance, detailed in Appendix B, was applied to four en-
sembles (labelled III, IV, V and VIII in Table I) at one
lattice spacing a = 0.07 fm. The pion mass is varied
between 420 MeV and 150 MeV and a limited study of
finite size effects is possible through the use of two vol-
umes with Lmpi = 3.4 and 4.2 for mpi = 290 MeV.
High statistics was achieved in all cases and the sig-
nals of the required two-point and three-point functions
were further improved by performing multiple measure-
ments per configuration using different source positions.
This is necessary in particular for scalar matrix elements
since the intrinsic gauge noise can be substantial. The
isoscalar three-point functions contain both connected
and disconnected quark line contributions, as shown in
Fig. 2, with the latter dominating the noise. Eight mea-
surements of the disconnected diagrams were performed
on each configuration compared to two measurements for
the connected part. Signal to noise ratios are worse for
coarser lattice spacings and for smaller pion masses and
the number of determinations of the connected terms was
increased to 4 and 3 for ensembles I (mpi = 280 MeV with
a ∼ 0.08 fm) and VIII (150 MeV, a = 0.07 fm), respec-
tively. For the nucleon the connected terms were gener-
ated as part of a previous study of isovector charges [34].
The number of disconnected measurements was not in-
creased due to the computational cost and the limited
reduction in error due to correlations within the data.
Measurements performed on the same configuration are
averaged and binning over configurations was applied to
a level consistent with four times the integrated autocor-
relation time.
In the two flavour theory the strange quark is quenched
and the size of the corresponding systematic uncertainty
is difficult to quantify (note that the dominant strange
quark contribution can still be computed, c.f., for ex-
ample, Eq. (11)). This source of uncertainty will be re-
moved in future work on Nf = 2 + 1 configurations gen-
erated as part of the CLS effort [35]. We fix the valence
strange quark mass parameter, κs, by tuning the hypo-
thetical strange-antistrange pseudoscalar meson mass to
the value (m2K± + m
2
K0 −m2pi±)1/2 ≈ 686.9 MeV within
statistical errors, where experimental values are used for
the kaon and pion masses.
The two-point and three-point functions, needed to ex-
tract the scalar matrix elements, have the form2
C2pt(tf , ti) =
∑
~x
〈H(~x, tf)H(~0, ti)〉, (14)
C3pt(tf , t, ti) =
∑
~x,~y
〈H(~x, tf)S(~y, t)H(~0, ti)〉
−
∑
~x,~y
〈S(~y, t)〉〈H(~x, tf)H(~0, ti)〉, (15)
for a hadron, H, at rest created at a time ti, destroyed
at a time tf and with the operator S = q¯q inserted at
a time t. The interpolators H = (uTCγ5d)u and u¯γ5d
for the proton and pion, respectively, create both ground
and excited states with contributions which fall off ex-
ponentially with the energy of the state in Euclidean
time. To improve the overlap with the ground state,
spatially extended interpolators were constructed using
Wuppertal smeared [36, 37] light quarks with spatially
APE smoothed gauge transporters [38]. The number
2 Note that for the nucleon we apply the parity projection operator
1
2
[1 + sign(tf − ti)γ4].
5TABLE II. Results for the hadron masses and axial Ward identity masses (m˜) in lattice units, the source-sink separation for the
connected three-point functions, tconnf (t
conn
i = 0), and the minimum source-operator insertion separation for the disconnected
three-point function, ∆tmin. For the nucleon, the statistical errors of C
conn
3pt decrease for smaller values of tf , such that for
ensembles IV and VIII it is sufficient to perform a smaller number of measurements per configuration (shown in brackets) than
indicated in Table I. In all cases the errors include both statistical and systematic uncertainties. For the axial Ward identity
masses the asterisk (∗) indicates which values are used to determine the ratio of non-singlet to singlet renormalization factors
presented in Section II D.
Ensemble ampi amN am˜ (tf/a)
conn
nuc (tf/a)
conn
pion ∆tmin/a
I 0.11516(73) 0.4480(31) 0.003676(39) 13 4
II 0.15449(74) 0.4641(53) 0.007987(44) 15 4
III 0.15298(46) 0.4486(30) 0.007964(34)∗ 15,17 32 5
IV 0.10675(51) 0.3855(46) 0.003794(28) 7(1),9(1),11(1), 32 4
13,15,17
V 0.10465(38) 0.3881(35) 0.003734(21) 15 32 4
VI 0.10487(24) 0.3856(19) 0.003749(18)∗ 15 5
VIII 0.05425(49) 0.3398(63) 0.000985(19)∗ 9(1),12(2),15 32 5
IX 0.15020(53) 0.3962(34) 0.009323(25)∗ 17 4
X 0.13073(61) 0.3836(32) 0.007005(23)∗ 17 6
XI 0.07959(27) 0.3070(50) 0.002633(14)∗ 17 5
of Wuppertal smearing iterations applied, nsm, shown
in Table I, was optimized for each ensemble such that
ground state dominance was achieved at similar physical
times for different light quark masses and lattice spac-
ings, see Ref. [34] for more details.
Wick contractions for the three-point function lead to
the connected Cconn3pt (tf , t, ti) and disconnected contribu-
tions Cdis3pt(tf , t, ti), shown in Fig. 2 for the nucleon. The
standard sequential source method is employed to deter-
mine the connected diagram. This provides the three-
point function at all t ∈ [ti + 2a, tf − 2a] for fixed tf ,
where the minimal distance 2a from source and sink is
due to the use of clover fermions. Table II details the
values of tf chosen (relative to a source at the origin, i.e.
ti = 0). For the nucleon the relative statistical errors of
Cconn3pt increase rapidly with increasing tf − ti, motivating
small source-sink separations. However, several tf values
are needed to check for excited state contributions which,
as we will see in Sections II B and II C, are significant for
scalar matrix elements, even with optimized spatially ex-
tended interpolators. In the pion case, the signal does
not decay rapidly with tf and we choose tf = T/2. This
has the advantage that C3pt(tf , t, ti) can be averaged over
the regions with ti = 0 < t < tf and tf < t < ti = T . Ex-
cited state contributions are controlled using our method
discussed in Appendix B.
The disconnected term is constructed from a discon-
nected “loop” L(t) and a two-point function computed
on each configuration:
Cdis3pt(tf , t, ti) = 〈Cc2pt(tf , ti)Lc(t)〉c−〈Cc2pt(tf , ti)〉c〈Lc(t)〉c,
(16)
where Lc(t) =
∑
~x Tr[M
−1(x, x)1] on configuration c,
〈·〉c makes the configuration average explicit and x =
t
t i
4 12
160 32 48
20 28 36 42 5660
FIG. 3. The time positions t of the 8 disconnected loops
and the source positions ti of the 4 two-point functions which
are used to construct the disconnected three-point function
in Eq. (16), for an ensemble with T = 64a and minimum
|t− ti| = 4a.
(~x, t). The quark propagator M−1(x, x) is estimated
stochastically using 25 complex Z2 random source vec-
tors that are non-zero on 8 timeslices.3 This number
of stochastic estimates and level of time partitioning for
L(t) ensured the additional random noise introduced to
Cdis3pt was below the level of the intrinsic gauge noise while
also allowing for 8 measurements of the three-point func-
tion per configuration. The latter requires four differ-
ent source times tni = nT/4, n = 0, 1, 2, 3 for the two-
point functions appearing in Eq. (16). The disconnected
loops are positioned at timeslices tni ±∆tmin, where ∆tmin
is a fixed minimum value of |t − ti| for each ensemble,
see Table II. Figure 3 illustrates the relative positions
of the disconnected loops and two-point function source
times for the example of an ensemble with T = 64a and
3 In the stochastic estimation of the trace, terms off-diagonal in
space or time average to zero, see Ref. [39] for details.
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FIG. 4. (Left) A comparison of the effective masses of the pseudoscalar C2pt and C
improv
2pt for ensembles V (top) and VIII (bottom)
with pion masses mpi ∼ 289 MeV and ∼ 150 MeV, respectively. The correlators are smeared at both the source and the sink (SS).
Note that for C2pt the inverse cosh effective mass is shown. (Right) C
improv
2pt divided by the corresponding forward propagating
ground state contribution, A1e
−mpitf (A1 = |Z01|2), extracted from a fit, for the same ensembles.
∆tmin = 4a. By correlating a forward (backward) prop-
agating two-point function with source position tni with
a loop at tni + ∆t (t
n
i −∆t), for each n one obtains the 8
estimates of the disconnected three-point function,
Cdis3pt(∆tf ,∆t) ≡
1
8
3∑
n=0
{[〈Cc2pt(tni + ∆tf , tni )Lc(tni + ∆t)〉c − 〈Cc2pt(tni + ∆tf , tni )〉c〈Lc(tni + ∆t)〉c]tf>t>ti
+
[〈Cc2pt(tni −∆tf , tni )Lc(tni −∆t)〉c − 〈Cc2pt(tni −∆tf , tni )〉c〈Lc(tni −∆t)〉c]ti>t>tf} , (17)
for multiple time separations ∆t = |t−ti| = ∆tmin, T/4−
∆tmin, T/4+∆tmin, . . . < |tf−ti| ≡ ∆tf . In order to deter-
mine both the light and the strange quark content of the
nucleon and pion, the loop Lc(t) is evaluated both for κ`
and κs and contracted with the two-point function con-
structed from light quark propagators. For the nucleon,
as we will see in Section II C, the statistical noise in-
creases rapidly with increasing source-operator insertion
separations and only ∆t = ∆tmin and ∆t = T/4−∆tmin
provide useful signals. For the pion, several ∆t give
meaningful results.
The connected and disconnected three-point functions
are analysed separately to extract the corresponding con-
tributions to the scalar matrix elements, glatt,connS =
〈H|q¯q|H〉lattconn and glatt,disS = 〈H|q¯q|H〉lattdis − 〈0|q¯q|0〉lattdis ,
respectively, where |H〉 ∝ H|0〉 is a nucleon or pion state
and we used the normalization 〈H|H〉 = 1, see below.
This procedure is described in the next two sections.
B. Pion three-point function fits
Pion three-point functions calculated on ensembles
with anti-periodic boundary conditions in time can suffer
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FIG. 5. The ratio of the pion connected three-point to two-point functions for both the standard (Rconn) and im-
proved (Rimprov,conn, Eq. (20)) cases, for ensembles III, IV, V and VIII. The blue and green shaded regions show the
results for glatt,connS obtained from a constant fit to R
improv,conn and a simultaneous fit to C improv,conn3pt and C
improv
2pt using
Eqs. (21) and (22), respectively. The corresponding fits to Eq. (22) divided by the ground state two-point contribution, i.e.
B1 + B2
(
e(tf−t)∆E + e−t∆E
)
, are shown as the black lines. For ensemble III, a similar fit to the unimproved Cconn3pt and C2pt
is indicated by the dashed line and the resulting value of glatt,connS as the pink region. In all cases the fitting range is indicated
by the width of the shaded region and the range shown for the black and dashed lines. The fits shown are representative and,
as discussed in the text, for the final results the variation arising from different fitting ranges is taken into account.
from large contributions involving a backward propagat-
ing pion (across the boundary) in combination with a
forward propagating scalar state, if the temporal extent
of the lattice is not large and the pion mass is close to
the physical value, as is the case, for example, for en-
semble VIII (see Table I). These contributions and our
method for reducing them are discussed in detail in Ap-
pendix B. We utilize correlation functions computed us-
ing quark propagators with different temporal boundary
conditions (periodic and anti-periodic) to isolate the for-
ward propagating negative parity terms. This is illus-
trated in Fig. 4 for the two-point function on two repre-
sentative ensembles with mpi = 289 MeV and 150 MeV.
The expected time dependence of the “improved” two-
point function, smeared at the source and sink (SS), is
given by Eq. (B14),
C improv2pt (tf , 0) =|Z01|2e−tfE1
[
1 +
|Z12|2
|Z01|2 e
−(T−tf )E2
+
|Z03|2
|Z01|2 e
−tf (E3−E1) + . . .
]
, (18)
where ti = 0, Znm = Z
∗
mn = 〈n|H|m〉. For simplic-
ity we use the normalization convention 〈m|n〉 = δm,n,
rather than the customary convention, 〈0|0〉 = 1 and
〈n|n〉 = 2En. Note that E1 = mpi. The “. . .” indicate
the neglected higher excitations. We label the negative
parity states by odd numbers where E1 and E3 are the
masses of the ground state pion and a “three-pion” (or
excited pion) state, respectively. The latter association is
made since in nature the excited state pion is much heav-
ier in mass. Similarly, the positive parity states are rep-
resented by even numbers and E2 is the mass of a (scalar)
“two-pion” state.
Figure 4 demonstrates that the contributions from the
three-pion state (and higher negative parity states) die off
rapidly due to the optimized smearing and that ground
state dominance sets in around tf = 10a ≈ 0.7 fm for
both ensembles, independent of the pion mass, and con-
tinues until tf ∼ 40a ≈ 2.8 fm. As one would expect, up
to tf = T/2 there is no significant difference between the
effective masses for the improved and unimproved two-
point functions. The terms arising from scalar states
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FIG. 6. (Top) The ratio Rdis(tf , t, 0) = C
dis
3pt(tf , t, 0)/C2pt(tf , 0) for the pion and S = s¯s with different values of the current
insertion time t on two ensembles with (left) mpi = 422 MeV and (right) mpi = 150 MeV. The correlation functions are smeared
at both the source and the sink. The expectation value of the disconnected loop 〈0|S|0〉 has been subtracted. (Bottom) The
same ratios evaluated using improved correlation functions.
propagating across the boundary become visible in the
improved case for large tf values. This can be seen in
the combination C improv2pt (tf , 0), divided by the ground
state contribution, |Z01|2e−mpitf , as determined from a
fit, shown on the right in Fig. 4. For tf/a & 40 this ra-
tio (equal to the expression within the square brackets in
Eq. (18)) increases from 1, with the deviation becoming
more significant for smaller mpi. This motivates us to
restrict tf/a ≤ 40 in order to avoid similar terms when
fitting to the pion three-point functions.
The connected three-point function is shown in Fig. 5
as a ratio with the two-point function for the four en-
sembles used in the pion analysis, with mpi = 422 MeV
down to 150 MeV. In the mass-degenerate Nf = 2 theory
〈1|u¯u|1〉conn = 〈1|d¯d|1〉conn and only a single three-point
function needs to be considered. Smeared sources and
sinks are implemented and the sink time tf is fixed to
T/2. Using standard correlation functions, the ratio has
the functional form,4 0 ≤ t ≤ tf ,
Rconn(tf , t, 0) =
Cconn3pt (tf , t, 0)
C2pt(tf , 0)
=
[
〈1|S|1〉conn + |Z12|
2
|Z01|2
(
〈1|S|1〉conne−(T−tf )E2 + 〈2|S|2〉conne−(T−2tf )mpie−tfE2
)
+
Z∗01Z21
|Z01|2 〈0|S|2〉
conne−(T−2tf )mpi
(
e−tE2 + e−(tf−t)E2
)]
[
1 + e−(T−2tf )mpi +
|Z12|2
|Z01|2
(
e−(T−tf )E2 + e−tfE2e−(T−2tf )mpi
)]−1
, (19)
4 This can be seen from Eqs. (B4) and (B5) in Appendix B, where
for the connected three-point function the terms arising from the
subtraction of 〈0|S|0〉 are omitted and 〈n|S|n〉sub is replaced by
〈n|S|n〉 for n = 1, 2.
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FIG. 7. Examples of fits performed to Rimprov,dis(tf , t, 0)
for the pion with a light quark loop on ensemble V (mpi =
289 MeV). The black lines indicate the fit and the blue shaded
region the value of glatt,disS extracted in each case. The range
shown for the black lines indicates the fit range. (Top) a
simultaneous fit to the SS and SL ratios for multiple oper-
ator insertion times t, employing the parametrization given
in Eq. (B18). (Middle) a similar fit to SS ratios, (bottom) a
constant fit to SS ratios.
up to terms involving a three-pion state.
Employing our improved correlation functions, con-
tributions arising from the backward propagating
pion (those involving factors of e−(T−2tf )mpi = 1 for
tf = T/2) are removed and
Rimprov,conn(tf , t, 0) = 〈1|S|1〉conn. (20)
The considerable size of these contributions can be seen
by comparing the improved and unimproved ratios, as
shown in Fig. 5. The difference between the two cases
becomes even more dramatic as mpi decreases from
422 MeV down to 150 MeV. For Rimprov,conn one can
extract 〈1|S|1〉conn by fitting to a constant (B1) for small
|tf/2− t|. Examples of such fits are indicated by the blue
regions in Fig. 5. However, the fitting range can be ex-
tended by including the next order terms arising from
a forward propagating three-pion state. Equivalently, we
perform simultaneous fits to C improv,conn3pt and C
improv
2pt us-
ing the functional form (see Eqs. (B15) and (B17) in Ap-
pendix B):
C improv2pt (tf , 0) = A1e
−mpitf [1 +A2e−∆Etf ] , (21)
C improv,conn3pt (tf , t, 0) =
A1e
−mpitf
[
B1 +B2
(
e−(tf−t)∆E + e−t∆E
)]
,
(22)
where ∆E = E3 − mpi and B1 ∼ 〈1|S|1〉conn. For
both these fits and the constant fits to Rimprov,conn we
have to assume that contributions to B1 containing fac-
tors e−tf∆E and e−(T−tf )E2 are small for tf = T/2. If
En = nmpi then e
−tf∆E = e−(T−tf )E2 ∼ 0.03 for the
lightest pion mass ensemble, suggesting this assumption
is reasonable. However, data with different tf would be
needed to confirm this.
Final values for 〈1|S|1〉conn are obtained taking into
account the variation in the results due to the type of
fit used and the fitting range chosen. For the latter all
ranges with correlated χ2/d.o.f. < 2 are included. If the
covariance matrix for the fit is ill determined due to insuf-
ficient statistics the fit result can be biased. To avoid this
problem the values for the scalar matrix elements are ex-
tracted for the different fitting ranges using uncorrelated
fits.
We remark that for the mpi = 422 MeV ensemble fit-
ting to the unimproved Cconn3pt and C2pt leads to a value
for 〈1|S|1〉conn consistent with the improved result, al-
beit with larger statistical errors, see Fig. 5. The terms
appearing in the numerator of Eq. (19) will dominate
and one can see that Cconn3pt will have the same t de-
pendence as in Eq. (22), replacing ∆E by E2 (for fixed
tf = T/2). If we assume that these effects only depend on
Tmpi, which is approximately 9.8 for this ensemble, then
T . 180a ∼ 12.8 fm would be required at mpi = 150 MeV
in order to ensure 〈1|S|1〉conn can be reliably extracted
using standard correlators at tf = T/2. Having three-
point functions with multiple tf can help, however, at
least one tf value must be large enough that the unwanted
terms are significantly suppressed.
For the analysis of the disconnected contribution the
three-point function has been computed for both S =
u¯u (d¯d) and s¯s at multiple current insertion times and
for all sink times. In Fig. 6 we again consider the ratio
with the two-point function for the improved and unim-
proved cases with a strange quark loop for ensembles III
and VIII (mpi = 422 MeV and 150 MeV, respectively).
Note that the correlators are smeared at the source and
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FIG. 8. Examples of simultaneous fits to proton SS C2pt(tf , 0) and the two SS connected C
conn
3pt (tf , t) corresponding to S = u¯u
and d¯d, including multiple tf values on ensembles IV and VIII (mpi = 295 and 150 MeV, respectively). The fit form is given
in Eqs. (24) and (25). The data points are obtained by dividing the three-point function by the ground state contribution,
A1e
−m1tf , where A1 = |Z01|2, as determined from the fit. The black lines indicate the fits while the green (blue) shaded region
gives the resulting value for 〈N1|u¯u|N1〉conn (〈N1|d¯d|N1〉conn) and the width shows the fitting range chosen. For clarity the
data points for tf = 12a on ensemble VIII are shown with open symbols.
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FIG. 9. A comparison of the results for the scalar matrix el-
ements obtained from fits with multiple tf , as shown in Fig. 8,
and fits to a single tf = 15a with the same fit range.
the sink. Including only the vacuum and pion state in
the spectral decompositions of the correlators, the unim-
proved ratio has the time dependence,
Rdis(tf , t, 0) =
Cdis3pt(tf , t, 0)
C2pt(tf , 0)
=
(〈1|S|1〉dis − 〈0|S|0〉dis) 1
1 + e−mpi(T−2tf )
,
(23)
independent of t. From Eq. (23), for small tf > t, one
expects Rdis ∼ 〈1|S|1〉dis − 〈0|S|0〉dis. As tf increases
the ratio should drop to half of its value at tf = T/2
and continue to tend to zero, if contributions from states
|2〉, |3〉, . . . are small. This behaviour is seen in Fig. 6 (top
left) for the mpi = 422 MeV ensemble in the limit of
large t < tf ≤ T/2. However, when the pion mass is de-
creased the terms arising from the backward propagat-
ing pion across the boundary (with forward propagating
scalar |2〉), given in Eqs. (B4) and (B5), become very
large and Rdis does not drop off significantly, as shown
in Fig. 6 (top right) for mpi = 150 MeV. Applying our im-
provement procedure, these terms are removed and one
expects simply Rimprov,dis(tf , t, 0) = 〈1|S|1〉dis−〈0|S|0〉dis
for tf  T . As observed in Fig. 6 (bottom), the improved
ratio is constant for different current insertion times up
to tf ∼ 40a on both ensembles. For larger tf values, terms
involving a backward propagating scalar particle cannot
be ignored anymore.
In order to extract 〈1|S|1〉dis − 〈0|S|0〉dis we perform
three types of fits to Rimprov,dis: for SS correlators we
fit the ratio to a constant and, whenever the next order
terms can be resolved, also to a functional form which
includes a three-pion state (Eq. (B18)). The latter is
also employed to fit the ratio constructed from correlators
smeared at the source and local at the sink (SL), together
with the SS ratio.5 As for the analysis of the connected
part, the fitting range is varied with the restriction that
the correlated χ2/d.o.f. < 2, the final error taking into
account the spread of results from uncorrelated fits due to
different fit types and ranges. Representative examples
of fits are given in Fig. 7 for a disconnected three-point
function with a light quark loop on ensemble V (mpi =
289 MeV).
C. Nucleon three-point function fits
For the nucleon scalar matrix elements three-point
functions have been computed on all ensembles shown
5 As discussed at the end of Appendix B the fit function derived
from Eq. (B18) needs to be modified for a ratio of SL correlation
functions.
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in Table I. Note that we are working in the isospin limit
but take the nucleon corresponding to a proton (uud).
This distinction is only necessary for the connected part.
For the latter excited state contamination is explored
using multiple sink times at three pion masses, mpi =
426 MeV, 289 MeV and 150 MeV, at the lattice spacing
a ≈ 0.071 fm. The standard fit form for SS correlators
including contributions from the first excited state is de-
rived from the spectral decomposition:
C2pt(tf) = |Z01|2e−m1tf
[
1 +
|Z02|2
|Z01|2 e
−∆mtf + . . .
]
,
(24)
C3pt(tf , t) = |Z01|2e−m1tf
[
〈N1|S|N1〉
+
Z∗20Z10
|Z01|2 〈N2|S|N1〉
(
e−∆m(tf−t) + e−∆mt
)
+|Z02|2〈N2|S|N2〉e−∆mtf + . . .
]
, (25)
where Zi0 = 〈Ni|N |0〉 are the overlaps of the state N|0〉,
created by a nucleon interpolator N with the ground and
first excited nucleon states |N1〉 and |N2〉, respectively.
We denote the corresponding masses as m1 and m2 and
the mass difference as ∆m = m2−m1. For the connected
three-point function there are two contributions arising
from the scalar current S = u¯u, inserted on a u quark
line, and similarly for S = d¯d, inserted on the d quark
line. Both contributions are fitted simultaneously along
with the two-point function to extract 〈N1|u¯u|N1〉conn
and 〈N1|d¯d|N1〉conn, respectively. With data at several
values of tf , see Table II, the last term in Eq. (25) can be
resolved as well as the dependence on the current inser-
tion time t.
Typical simultaneous fits to two-point and multiple
three-point functions (including different tf values and
both the S = u¯u and d¯d contributions) are illustrated in
Fig. 8 for ensembles IV and VIII with mpi = 295 MeV
and tf = 7a, 9a, 11a, 13a, 15a, 17a ∼ 0.5 − 1.2 fm and
mpi = 150 MeV and tf = 9a, 12a, 15a ∼ 0.6− 1.1 fm, re-
spectively. While contamination from excited states can
certainly be resolved, the last term in Eq. (25) which only
depends on the sink time does not appear to be significant
for tf & 13a ∼ 0.9 fm. This can be seen in Fig. 8 from
the consistency between the data with tf = 13a, 15a, 17a
for mpi = 295 MeV and tf = 13a, 15a for mpi = 150 MeV.
Performing fits to a single tf = 15a ∼ 1.1 fm (in this
case the last term cannot be distinguished from the first
term in Eq. (25)), we find consistent results for the scalar
matrix elements with the multi-tf fit results, as demon-
strated in Fig. 9. This gives us confidence that, for the
interpolators employed, excited state contamination can
be accounted for in the analysis of the other ensembles
where three-point functions were generated with a single
sink time tf & 1.0 fm.
The disconnected scalar matrix element was extracted
from the ratio of SS three-point and two-point functions.
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FIG. 10. The ratio Rdis(tf , t, 0) for the nucleon with a light
quark loop as a function of tf and t on ensembles IX, V and
VIII (mpi = 490 MeV, 289 MeV and 150 MeV, respectively).
The green shaded regions indicate the value of glatt,disS ex-
tracted in each case. For ensembles IX and V constant fits
are performed to the ratios with t = 4a, 12a simultaneously
with fit ranges tf/a = 9− 32, 17− 32 and 7− 30, 15− 30, re-
spectively, while for ensemble VIII a constant fit is performed
to the ratio with t = 11a with fit range tf/a = 12− 18.
In contrast to the pion, the signal deteriorates fairly
rapidly for tf ∼ 1.5 fm, as seen in Fig. 10, and only the
smallest two values of the current insertion time t are
useful, where tf > t. The figure also shows that excited
state contributions are small on the scale of the statisti-
cal errors and indeed fits employing Eq. (B18) failed to
resolve such terms. The SL ratios were not included in
the analysis as in this case the excited state contamina-
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tion was too large to be modelled by including only the
first excited state in the fit function. For most ensembles,
constant fits were performed to the SS ratios for the two
values of t simultaneously. Statistical noise is larger for
coarser lattice spacings and as the pion mass decreases.
For ensemble I (a ∼ 0.08 fm) only t = 4a ∼ 0.32 fm
provided a reasonable signal, while for ensemble VIII,
mpi = 150 MeV, t = 5a and 11a are both noisy, however,
we took the conservative choice to fit to t = 11a.
In the same way as discussed for the analysis of the
pion three-point functions in the previous section, the fi-
nal results for both the connected and disconnected ma-
trix elements include an estimate of the systematic un-
certainty arising from the fitting procedure, obtained by
varying the fitting range.
D. Renormalization
The renormalization of the lattice scalar matrix el-
ements in the Nf = 2 theory has already been dis-
cussed in detail in Ref. [40] and we only repeat the
relevant relations here. In the continuum the combi-
nation mq〈H|q¯q|H〉 is invariant under renormalization
group transformations. However, Wilson fermions explic-
itly break chiral symmetry and this enables mixing with
other quark flavours. The renormalization factor that
determines the strength of this mixing is6 rm = Z
s
m/Z
ns
m ,
the ratio of the singlet (Zsm) to non-singlet (Z
ns
m ) mass
renormalization factors. This ratio can be determined
non-perturbatively from the slope of the axial Ward iden-
tity quark mass (m˜q) as a function of the vector Ward
identity mass (mq), see, e.g, Ref. [33]:
m˜q =
Znsm Z
ns
P
ZnsA
rmmq +O(am
2), (26)
where the quark masses are defined as
mq =
1
2a
(
1
κq
− 1
κc,sea
)
and m˜q =
1
2
∂t〈AI4(t)P †(0)〉
〈P (t)P †(0)〉 .
(27)
AI4 and P denote the O(a) improved axial-vector current
and the pseudoscalar operator, respectively, with corre-
sponding renormalization factors ZnsA and Z
ns
P . κc,sea de-
notes the critical mass parameter along the isosymmetric
line for which the quark mass is zero.
We employ the fit form
m˜q =
Zrm
2
(
1
κq
− 1
κc,sea
)(
1 +
b
2
[
1
κq
− 1
κc,sea
])
,
(28)
6 In the notation of our previous work [40] rm = 1 + αZ.
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FIG. 11. The axial Ward identity masses as functions of
the inverse of the sea quark mass parameter 1/κq for β =
5.29 (a = 0.07 fm) and β = 5.40 (a = 0.06 fm). A typical fit
is shown in each case obtained using Eq. (28).
TABLE III. The critical hopping parameters κcrit and ratio
of singlet to non-singlet renormalization constants, rm. The
errors given include systematics. For β = 5.20 the values
quoted were determined by the ALPHA Collaboration [44].
β κc,sea rm
5.20 0.1360546(39) 1.549(42)
5.29 0.1364281(12) 1.314(20)
5.40 0.1366793(11) 1.205(14)
accounting for higher order contributions via a quadratic
term. The coefficient b is a combination of improve-
ment coefficients which include, for instance, bg [33],
which is not known non-perturbatively. Values for Z =
Znsm Z
ns
P /Z
ns
A are taken from Ref. [41], while rm, κc,sea
and b are extracted from fits to a range of masses for
β = 5.29 and β = 5.40: those indicated in Table II (cho-
sen from ensembles with the largest Lmpi for each κq)
and at heavier quark masses produced by QCDSF and
UKQCD [42, 43]. For β = 5.20 we use rm and κc,sea
as determined in Ref. [44]. Figure 11 shows examples of
typical fits and Table III details the results, where the
errors include systematics estimated by varying the fit
range and including and omitting the quadratic term.
The renormalization pattern for the scalar matrix el-
ements is the same for the pion and the nucleon. We
consider a general hadronic state |H〉, with the abbrevi-
ation:
〈q¯q〉latt =〈H|q¯q|H〉latt − 〈0|q¯q|0〉latt
=〈H|q¯q|H〉latt,conn + 〈H|q¯q|H〉latt,dis
− 〈0|q¯q|0〉latt. (29)
Note that for the strange quark, the connected term
is not present. The dimension three scalar current (q¯q
above refers to the current, integrated over space, and
is dimensionless) will receive contributions ∝ a−31, how-
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ever, these cancel as we subtract the vacuum expectation
value. Flavour singlet and non-singlet currents not only
renormalize differently but are also subject to different
O(a) improvement terms. In general, terms of the type
bamq and a〈F 2〉 can be added, where the second term can
only affect flavour-singlet combinations. In the Nf = 2
theory, the first type of term cancels from combinations
like (mu +md)〈u¯u+ d¯d〉 [33].
Following Ref. [40], the light quark scalar matrix ele-
ments are given by
σu = [mu〈u¯u〉]ren = 1
rm
[
mlattu +
(rm − 1)
2
(
mlattu +m
latt
d
)] [〈u¯u〉latt + (rm − 1)
2
〈u¯u− d¯d〉latt
]
, (30)
σd =
[
md〈d¯d〉
]ren
=
1
rm
[
mlattd +
(rm − 1)
2
(
mlattu +m
latt
d
)] [〈d¯d〉latt − (rm − 1)
2
〈u¯u− d¯d〉latt
]
, (31)
where mlattq is the mq of Eq. (27). Summing the two
sigma terms in the isospin limit, the renormalization fac-
tors drop out,
σu + σd =
mlattu +m
latt
d
2
〈u¯u+ d¯d〉latt, (32)
as expected for the Nf = 2 theory. Another combination
of interest which does not require renormalization is the
isospin asymmetry ratio,
z =
[ 〈u¯u− s¯s〉
〈d¯d− s¯s〉
]ren
=
〈u¯u− s¯s〉latt
〈d¯d− s¯s〉latt . (33)
The non-singlet sigma term,
σ0 =
[
mu +md
2
〈u¯u+ d¯d− 2s¯s〉
]ren
= rm
mlattu +m
latt
d
2
〈u¯u+ d¯d− 2s¯s〉latt , (34)
is only multiplicatively renormalized.
For the (quenched) strangeness matrix element we find
σs = [ms〈s¯s〉]ren =
[
mlatts +
rm − 1
2
(
mlattu +m
latt
d
)](〈s¯s〉latt − (rm − 1)
2rm
〈u¯u+ d¯d〉latt
)
. (35)
Large cancellations occur for this quantity at moderate lattice spacings (a & 0.06 fm). This can only be mitigated
by moving to finer lattices where rm is closer to 1.
Finally, we give the expressions for the ratio of the sea to total light quark matrix elements7,
rsea =
[ 〈u¯u+ d¯d〉dis
〈u¯u+ d¯d〉
]ren
= rm
( 〈u¯u+ d¯d〉latt,dis
〈u¯u+ d¯d〉latt − 1
)
+ 1 , (36)
the ratio of the strange to (light) sea contributions,
asea =
[
2〈s¯s〉
〈u¯u+ d¯d〉dis
]ren
=
2rm〈s¯s〉latt + (1− rm)〈u¯u+ d¯d〉latt
rm〈u¯u+ d¯d〉latt,dis + (1− rm)〈u¯u+ d¯d〉latt
, (37)
7 Here we use 〈u¯u+ d¯d〉dis = 〈u¯u+ d¯d〉 − 〈u¯u+ d¯d〉conn. The full
and connected matrix elements renormalize with Zsm and Z
ns
m ,
respectively.
and the ratio y = asea/rsea,
y =
[
2〈s¯s〉
〈u¯u+ d¯d〉
]ren
= rm
(
2〈s¯s〉latt
〈u¯u+ d¯d〉latt − 1
)
+ 1 .
(38)
We remark that all the quantities in Eqs. (30) to (38)
do not depend on a renormalization scale. Considering
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TABLE IV. Final results for the pion sigma terms on a subset of ensembles at β = 5.29 with a = 0.071 fm. The errors
given include both the systematic and statistical uncertainty, see the text. The finite volume corrected pion masses (m∞pi ) were
determined in Ref. [34] using Ref. [45], while σ∞pi was obtained using the finite volume expressions for the pion mass [46, 47]
and the Feynman-Hellmann theorem, as detailed in Appendix C.
Ensemble Lmpi mpi [GeV] m
∞
pi [GeV] m
∞
pi /2 [GeV] σpi [GeV] σ
∞
pi [GeV] σs [GeV]
III 4.90 0.4222(13) 0.4215(13) 0.2108(7) 0.2176(86) 0.2184(86) 0.014(11)
IV 3.42 0.2946(14) 0.2895(07) 0.1448(4) 0.1336(41) 0.1348(41) -0.011(10)
V 4.19 0.2888(11) 0.2895(07) 0.1448(4) 0.1560(75) 0.1566(75) 0.031(20)
VIII 3.47 0.1497(13) 0.1495(13) 0.0748(7) 0.0780(42) 0.0782(42) 0.006(33)
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FIG. 12. Results for the finite volume pion light and strange quark sigma terms, σpi = σu + σd (top left) and σs (top right),
respectively, and the ratio of the sea to total light quark matrix elements, rsea (bottom left), as a function of the pion mass.
Both the statistical uncertainty (inner error bar) and the total systematic and statistical uncertainty (outer error bar) are
shown. For σpi, the results are compared to mpi/2 as determined in the simulation (indicated by a line, starting from zero which
goes through the central values of mpi/2 for each ensemble). The symbols and colours for the data points correspond to those
used in Fig. 1 for the different ensembles. The vertical lines indicate the physical point in the isospin limit, mphyspi = 135 MeV.
Also displayed (bottom right) is the infinite volume pion mass squared as a function of the renormalized quark mass obtained
from the axial Ward identity, mMSq (2 GeV) = ZA(1 + amq(bA − bP ))m˜q/ZMSP (2 GeV) for all ensembles, see Table II for the
values of am˜ and Ref. [34] for bA − bP , ZA and ZMSP (2 GeV). The shaded region shows a fit of the form CmMSq (2 GeV) to all
data points.
discretisation effects, only z is automatically O(a) im-
proved while all other observables are subject to O(a)
lattice artifacts. However, not all O(a) terms are likely
to be large, for example, the a〈F 2〉 term does not con-
tribute to σ0 and if there is SU(3) flavour symmetry in
the sea then for asea ≈ 1 it cancels.
III. PION SIGMA TERMS
Our final results for the pion sigma terms for four en-
sembles at a = 0.071 fm are presented in Table IV and
Fig. 12. The central values are obtained by taking the av-
erage of the maximum and minimum of the sigma terms
that result from independently varying the fit ranges of
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TABLE V. Final results for the pion-nucleon sigma term, σpiN , the individual quark sigma terms of the proton, σq=u,d,s, the
y ratio and the isospin asymmetry ratio z. The errors include an estimate of both the systematic and statistical uncertainty,
see the text. The values for the finite volume corrected pion mass, m∞pi , were determined as in Ref. [34], using Ref. [45]. For
σ∞piN , we used Ref. [48], together with the Feynman-Hellmann theorem, as discussed in Appendix C.
Ensemble mpi [GeV] Lmpi m
∞
pi [GeV] σpiN [GeV] σ
∞
piN [GeV] σu [GeV] σd [GeV] σs [GeV] y z
I 0.2795(18) 3.69 0.2783(18) 0.108(07) 0.115(07) 0.0614(36) 0.0462(33) 0.025(16) 0.070(046) 1.357(52)
II 0.4264(20) 3.71 0.4215(13) 0.191(14) 0.214(18) 0.1086(81) 0.0829(65) 0.030(12) 0.118(046) 1.361(60)
III 0.4222(13) 4.90 0.4215(13) 0.230(11) 0.238(12) 0.1299(64) 0.1000(55) 0.055(14) 0.178(039) 1.375(27)
IV 0.2946(14) 3.42 0.2895(07) 0.125(14) 0.135(15) 0.0709(81) 0.0542(61) 0.041(18) 0.108(050) 1.353(51)
V 0.2888(11) 4.19 0.2895(07) 0.132(10) 0.137(11) 0.0739(54) 0.0583(51) 0.048(23) 0.119(051) 1.312(31)
VI 0.2895(07) 6.71 0.2895(07) 0.108(11) 0.108(11) 0.0620(56) 0.0459(53) -0.009(28) -0.028(089) 1.338(29)
VIII 0.1497(13) 3.47 0.1495(13) 0.042(08) 0.043(08) 0.0232(42) 0.0182(35) -0.036(64) -0.068(132) 1.258(81)
IX 0.4897(17) 4.81 0.4883(17) 0.275(16) 0.288(17) 0.1605(83) 0.1148(81) 0.053(15) 0.192(046) 1.518(23)
X 0.4262(20) 4.18 0.4241(20) 0.226(15) 0.241(17) 0.1294(86) 0.0967(67) 0.062(15) 0.199(042) 1.442(39)
XI 0.2595(09) 3.82 0.2588(09) 0.107(07) 0.112(07) 0.0595(35) 0.0471(32) 0.075(18) 0.191(038) 1.335(35)
the connected and disconnected contributions and, where
relevant, the renormalization factor rm±δrm, where δrm
is the error given in Table III. The systematic error is
then half of the difference of the maximum and mini-
mum values. This is added in quadrature to the statis-
tical error arising from typical fits to the connected and
disconnected terms (computed by combining the jack-
knife samples of the individual contributions). For the
pion sigma term in the infinite volume limit, σ∞pi , a fur-
ther systematic arising from the finite volume correction
is added in quadrature corresponding to half the size of
the correction applied.
As discussed in Section I, we expect σpi = mpi/2 for
small pion masses. Fig. 12 shows this holds up to mpi
of at least 420 MeV. The 2.62 σ increase going from
Lmpi = 3.42 (ensemble IV) to 4.19 (ensemble V) for
mpi ∼ 290 MeV suggests finite volume effects may be
an issue. Chiral perturbation theory (ChPT) provides a
framework for evaluating these effects, as detailed in Ap-
pendix C. The sigma term increases in the infinite volume
limit, however, the corrections turn out to be very small,
well below the level of statistical significance. The differ-
ence at mpi ∼ 290 MeV is only reduced to 2.55σ for σ∞pi ,
see Table IV. If the next-to-leading order (NLO) finite
volume formula (Eq. (C5)) is valid down to Lmpi = 3.4
then the difference in the sigma terms can be ascribed to
statistical variation. It is worth noting that without the
use of our method for reducing excited state contamina-
tion to the pion scalar matrix element (see Section II B
and Appendix B) the agreement with the GMOR expec-
tation would not have been found. In particular, for the
near physical point one may obtain8 σpi ∼ 97 MeV.
8 This value is obtained by estimating the connected scalar matrix
element, glatt,connS ∼ 9.6, see the unimproved results in the bot-
tom right plot of Fig. 5, and glatt,disS ∼ 4 for the disconnected
part.
The observed behaviour of σpi suggests the GMOR re-
lation is valid over the same range of pion masses. This is
demonstrated in the bottom right panel of Fig. 12 where
(m∞pi )
2 is shown as a function of the renormalized quark
mass for all ensembles. A fit to the simple form (m∞pi )
2 =
CmMSq (2 GeV) for m
∞
pi . 500 MeV gives a χ2/d.o.f. =
1.9 and a slope C = −2Σ/F 2 = 5.04(1)(14) GeV, where
Σ is the chiral condensate and F is the pion decay
constant in the chiral limit. The second error is due
to the uncertainty in the non-perturbative renormaliza-
tion factors, given in Ref. [34]. Additional uncertain-
ties, such as discretisation effects and, clearly, higher or-
ders in the quark mass expansion have not been esti-
mated (although given that χ2/d.o.f. = 1.9, these terms
appear to be small). This slope compares favourably with
2Σ/F 2 = −5.3(5) obtained using FLAG estimates [50]
−Σ = (0.269(8) GeV)3 and Fpi/F = 1.0744(67) for the
Nf = 2 theory with Fpi = 92.2 MeV.
Recalling the decomposition of the mass of a hadron
in Eq. (5), the u and d quark sigma term accounts for
half the mass of the pion, i.e. approximately 68 MeV at
the physical point. From the ratio rsea in Fig. 12, we
find less than 15% of this is due to (light) sea quarks.
While the disconnected terms are significant, approxi-
mately 30% in size of the connected terms, their contri-
bution is reduced under renormalization (Eq. (36)) since
rm = Z
s
m/Z
ns
m > 1. The strange quark contribution to
the pion mass is likely to be small, however, again due
to cancellations under renormalization, the overall un-
certainties are large and we find σs < 50 MeV. Within
errors, σs is also consistent with zero.
IV. NUCLEON σ TERMS
Starting with the pion-nucleon sigma term, our final
results on all ensembles are given in Table V and dis-
played as a function of m2pi in Fig. 13 (left). The com-
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FIG. 13. The pion-nucleon sigma term as a function of the pion mass. The symbols and colours of the data points correspond to
those used in Fig. 1. Both the statistical uncertainty (inner error bar) and the total statistical and systematic uncertainty (outer
error bar) are displayed. The vertical lines indicate the physical point in the isospin limit, mphyspi = 135 MeV. (Left) Recent
results from ETMC [16, 49] and χQCD [15] vs. m2pi are compared to our finite volume values. Note that only the unitary
values with purely statistical errors have been included from Ref. [15]. (Right) The finite volume corrected results in the
combination (mphyspi /m
∞
pi )
2σ∞piN which has a linear dependence on m
∞
pi at leading order (Eq. (41)). The blue shaded region
indicates a fit of the form a + bm∞pi , with ±1σ error band for mpi . 420 MeV. Similarly, the green shaded region shows a fit
using a + bm∞pi + c(m
∞
pi )
2 ln(m∞pi /λ), where the linear coefficient is fixed using Eq. (41) and our determination of gA/Fpi =
13.88(29) GeV−1 [34] and λ = 1 GeV.
bined systematic and statistical errors are calculated as
described in the previous section for the pion. The sigma
term tends to zero as expected as the pion mass is re-
duced with no significant dependence on the lattice spac-
ing, but some variation with the volume at heavier mpi.
Reasonable agreement is seen with other recent direct
determinations from ETMC [16, 49] and χQCD [15], in
particular, close to the physical point. These other (near)
physical point simulations were performed at coarser lat-
tice spacings, a ∼ 0.09 fm and 0.11 fm, respectively, and
in the case of the ETMC on smaller volumes in terms
of Lmpi = 2.97 [51] and, for the χQCD study, much
lower statistics. We remark that O(a) discretisation er-
rors arise for all fermion actions due to mixing with aF 2
and, so far, these effects have not been removed.
The leading pion mass dependence of σpiN is pro-
vided by the application of the Feynman-Hellmann theo-
rem to the NLO baryon ChPT expansion of the nucleon
mass [53, 54],
mN = m
0
N − 4c1m2pi −
3(g0A)
2m3pi
32piF 2
+O
(
m4pi ln
(mpi
λ
))
,
(39)
which to this order contains the low energy constant, c1,
the renormalization scale λ ∼ mN and the chiral limit
nucleon mass, m0N , axial charge, g
0
A ∼ 1.22 and pion
decay constant, F ∼ 86 MeV. At this order g0A/F can
be replaced by gA/Fpi. From σpiN = m
2
pi∂mN/∂m
2
pi one
finds,
σpiN = m
2
pi
[
−4c1 − 9(g
0
A)
2mpi
64piF 2
+O
(
m2pi ln
(mpi
λ
))]
.
(40)
We find it more meaningful to show in Fig. 13 (right) the
combination
σpiN
m2pi
(mphyspi )
2 =
(mphyspi )
2
[
−4c1 − 9(g
0
A)
2mpi
64piF 2
+O
(
m2pi ln
(mpi
λ
))]
,
(41)
which has a milder dependence on the pion mass but also
tends to the physical value as mpi → mphyspi , where we
take mphyspi = 135 MeV in the electrically neutral isospin
limit. The finite volume corrections to the sigma term
can be derived in a similar way starting from the cor-
responding ChPT expressions for the nucleon mass, see
Appendix C. The size of the corrections, as shown in
Table V, corresponds to 1–2 standard deviations for the
larger pion mass ensembles (mpi & 420 MeV), becom-
ing much smaller as mpi approaches the physical point.
The shift is always to larger values of the sigma term
for L → ∞. The biggest effect is at mpi ≈ 420 MeV
between ensembles II (Lmpi = 3.71) and III (Lmpi =
4.90). The difference in σpiN for these two ensembles is
39(18) MeV, which is reduced to 24(22) MeV for the in-
finite volume value σ∞piN . At mpi ≈ 290 MeV the results
from the smaller two ensembles, IV (Lmpi = 3.42) and
V (Lmpi = 4.19) become slightly more coincident after
finite volume corrections are applied, while between en-
sembles V and VI (Lmpi = 6.71) this is less so. However,
all differences are within the expected range for statistical
variations.
To test whether our statistically more precise results
at mpi & 260 MeV are consistent with the near phys-
ical point value, we perform a phenomenological fit to
σ∞piN
(m∞pi )2
(mphyspi )
2 based on Eq. (41) of the form (a) a−bm∞pi ,
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TABLE VI. Our determinations of the sigma terms, the ratios y and z and the quark mass fractions, fTq=u,s,d,c,b,t for the proton,
at the physical point. The errors encompass all systematics, see the text. Note that σpiN , σ0, σq=u,d, (σu−σd)/(σu+σd), fTq=u,d
and z are obtained using the mpi = 150 MeV results, while σs, fTs and y are derived from fits in the range mpi . 420 MeV.
Finite volume corrections have been applied to the light quark sigma terms, see the text. In order to extract fTc,b,t we used∑
q=u,d,s fTq together with the perturbative relations in Refs. [6, 52], see the text.
σpiN (MeV) σ0 (MeV) σu (MeV) σd (MeV) σs (MeV) y z
35.0(6.1) 37.1(7.3) 19.6(3.4) 15.4(3.5) 34.7(12.2) 0.104(51) 1.258(81)
σu−σd
σu+σd
fTu fTd fTs fTc fTb fTt
0.12(4) 0.021(4) 0.016(4) 0.037(13) 0.075(4) 0.072(2) 0.070(1)
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FIG. 14. The strange quark mass fraction fTs (left) and y ratio (right) as a function of m
2
pi. Recent determinations by
ETMC [16, 49, 55], Engelhardt [56] and χQCD [15] (unitary values only) are also shown. The results are displayed as in
Fig. 13. For both quantities, the blue (green) shaded regions indicate constant (constant plus linear in m2pi) fits with ±1σ error
band for mpi . 420 MeV.
with a and b determined from the fit and (b) a− bm∞pi +
c(m∞pi )
2 ln(m∞pi /λ), setting λ = 1 GeV and with b fixed
using gA/Fpi = 13.88(29) GeV
−1 [34]. The fit range is
the same throughout, mpi . 420 MeV (including the
150 MeV point), which gives us roughly three pion mass
values, see Fig. 13 (right). Higher orders in the expan-
sion are needed to include the mpi ∼ 500 MeV data point.
Figure 13 (right) shows both fits give consistent results at
the physical point, only slightly below the central value
for mpi ∼ 150 MeV, with a = 0.037(3) GeV, b = 0.031(9)
and χ2/d.o.f. = 1.0 for fit (a) and a = 0.039(3) GeV,
c = −0.33(2) GeV−1 and χ2/d.o.f. = 1.1 for fit (b). The
slope from fit (a) is significantly smaller than the ChPT
expectation of 9g2A(m
phys
pi )
2/(64piF 2pi ) ∼ 0.16. We com-
ment more on the application of ChPT to σpiN and mN
in Section V. The spread in the results at mpi ∼ 290 MeV
due to volume and lattice spacing dependence, and sim-
ilarly at mpi ∼ 420 MeV is less than the total uncer-
tainty of the near physical point result. This observation,
together with the insignificant remaining extrapolation,
motivates us to quote
σ∞piN
(m∞pi )2
(mphyspi )
2 for ensemble VIII,
given in Table VI, as our final, more conservative, result
at the physical point including all systematics.
One can also extract the individual light quark
sigma terms, σq=u,d and the non-singlet combination
σ0 (Eq. (34)) for the proton. Note that in the isospin
symmetric limit that we use for the neutron: σnu = σ
p
d,
σnd = σ
p
u. Corrections to this limit are discussed for in-
stance in Refs. [57, 58]. We apply the same finite volume
corrections to σ0 as for σpiN , since the strange contribu-
tion is sub-leading, while for σq we correct in proportion
to the fraction σq/σpiN . The final results in all cases,
given in Table VI, are taken from ensemble VIII after
rescaling with (mphyspi /mpi)
2. The quark fractions fTq=u,d
are found by dividing the light quark sigma terms by
the nucleon mass in the isospin limit9 mN = 938.6 MeV.
Note that the central value for σ0 evaluated in this way is
larger than σpiN . While the opposite should be the case
this is not significant considering the size of the error.
The wrong ordering of the central values of σ0 and σpiN
is due to the fact that the central value for σs comes out
negative at mpi = 150 MeV, see Fig. 14, with a very large
error. At heavier quark masses the expected ordering is
respected.
The strange quark content of the nucleon is encoded in
σs (fTs) and the y ratio. The large cancellations under
renormalization, mentioned previously, mean our values
9 We remove the electromagnetic and quark mass effects for the
nucleon using the charged hyperon splitting: mN = mneutron +
1
4
(mΣ+ −mΣ− ).
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FIG. 15. Direct determinations of fTc by Freeman and Tous-
saint [59], χQCD [60] and ETMC [16] compared to our indi-
rect result indicated by the black lines, see Table VI.
are not so precise. Figure 14 shows that there is a fairly
large spread in our results, although this does not depend
significantly on the pion mass, lattice spacing or volume.
Due to the large uncertainty on the near physical point
ensemble we opt to extrapolate the mpi . 420 MeV re-
sults to mphyspi using (a) a fit to a constant and (b) a fit
including a constant plus linear term in m2pi. The cen-
tral values and errors of the final results in Table VI are
computed using the average and half of the difference,
respectively, of the maximum and minimum values at
mphyspi obtained considering the ±1σ error bands of both
fits.
Apart from the ETMC [49] Nf = 2 + 1 + 1 result,
which is somewhat low, other recent determinations of
fTs displayed in Fig. 14 are in agreement with our fits,
including those at the physical point. Note that, due to
the symmetry properties of the twisted mass (at maximal
twist) and overlap actions used by ETMC and χQCD,
respectively, there is no mixing of quark flavours for the
scalar current and σs (fTs) is only multiplicatively renor-
malized leading to reduced uncertainty in their results.
The use of domain wall fermions (Engelhardt [56]) is
similarly advantageous. For the y ratio the ETMC [55]
Nf = 2 + 1 + 1 results give y ∼ 0.05 for mpi & 300 MeV.
The ratio increases as the pion mass reduces and they
obtain y = 0.173(50) on extrapolation to mphyspi . This
is higher than the physical point determinations of the
ETMC at Nf = 2 [16] and χQCD for Nf = 2 + 1 [15].
Our results are generally higher but given the large errors
the difference is not significant.
Also of interest are the c, b and t quark fractions as
these are non-negligible due to the large quark masses
accompanying the scalar matrix element. As mentioned
in the Introduction, in the heavy quark limit the heavy
quark fractions can be expressed in terms of fTG =
1−∑q=u,d,s fTq , to leading order in 1/mh and α [1], see
Eq. (8). Beyond leading order in α the relation between
fTG and the light quark fractions and also between fTG
and fTc,b,t is modified. The relevant α
3 matching expres-
sions from a theory with Nf light quarks to one with an
additional heavy quark are given in Refs. [6, 52]. We uti-
lize the full result for fTc , for which the strong coupling
at the relevant scale mc is largest, while for fTb and fTt
we truncate after O(α), arriving at the values given in
Table VI. The perturbative error is taken to be half the
difference with the leading order value, i.e. (2/27)fTG .
This is included in the total uncertainty quoted in Ta-
ble VI. Perturbative matching of Nf = 3 to Nf = 4 QCD
in the heavy quark approximation at the scale mc may
be considered unreliable since neither αMS(mc) ≈ 0.39
nor Λ/mc are particularly small parameters in this case.
However, the first non-perturbative matching results are
very encouraging [61]. Direct determination of these frac-
tions is difficult, due to the large statistical uncertainty
and systematics involved, such as discretisation effects.
The recent results for fTc , shown in Fig. 15, are consis-
tent with our value fTc = 0.075(4).
In total, the quarks represent
∑
q=u,d,s,c,b,t fTq =
0.291(15) or 273 MeV of the nucleon mass. The mass
decomposition, Eq. (5), now reads for the Nf = 6 the-
ory:
mN ≈ (0.29mN )m + (0.53mN )kin + (0.18mN )a . (42)
For the first term, ∼ 35 MeV is due to the light
quarks (σpiN ) and roughly the same amount comes from
the strange quark (σs), the rest is due in almost equal
parts from the charm, bottom and top quarks. Com-
paring Eq. (42) with the Nf = 2 theory, Eq. (6), the
anomaly contribution is relatively unchanged, while the
kinetic term is decreased to compensate for the larger
quark mass term.
Note that at a low energy scale the heavy quark contri-
butions are indistinguishable from the kinetic part: the
matching to the Nf + 1 theory was performed, assuming
that the nucleon mass is not affected by the existence
of, e.g., the top quark. Nevertheless, the Higgs (where
in Eq. (10) αq ∝ mq) at small recoil will couple to this
fraction of the nucleon mass, including the contributions
from all the heavy flavours. Since the heavy flavour scalar
matrix elements alone are very small, 〈h¯h〉 ∝ 1/mh, for
hypothetical particles with couplings that are insensitive
to the quark mass, these terms would be negligible. In
this case the scalar couplings rather than the sigma terms
are relevant and we find for the proton
guS = 5.2(1.0), g
d
S = 4.1(0.8), g
u+d
S = 9.3(1.8),
gS = g
u−d
S = 1.0(2) and g
s
S = 0.35(15), (43)
in the MS scheme at 2 GeV. The couplings were extracted
in the same way as for the sigma terms: guS , g
d
S and g
u+d
S
are the results on ensemble VIII at mpi = 150 MeV and
the value for gsS is determined considering both a con-
stant and linear extrapolation in m2pi for mpi . 420 MeV.
For gS , see Ref. [31]. We expect g
u
S and g
d
S to be less
sensitive to isospin breaking effects than σu and σd (that
are approximately proportional to the quark masses mu
and md, respectively).
One can decompose the sigma terms further and com-
pare sea and valence quark contributions. The ratios
asea and rsea, shown in Fig. 16, indicate that the sea is
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approximately SUF (3) symmetric, while the light quark
sea accounts for less than 30% of the total light quark
contribution. Again, there is a fairly large spread in our
results but no significant dependence on pion mass, vol-
ume or lattice spacing. Furthermore, one can look at
isospin asymmetry in the form of the z ratio and the
σu − σd difference (as a ratio with σpiN = σu + σd),
both given in Fig. 17. Here, the results are more pre-
cise and the insensitivity to the simulation parameters,
in particular, the pion mass, is clear. As discussed in
Section I, z in combination with σpiN and σ0 is often
used in the literature to predict fTq=u,d,s . Fits to a con-
stant and constant plus a term linear in m2pi in the range
mpi . 420 MeV give values for z at the physical point
consistent with the results from ensemble VIII. In keep-
ing with the analysis for σpiN and σ0, the latter values are
used for z at mphyspi . We find z = 1.258(81), which is 3σ
below the expectation of 1.49 [26] from the SU(3) flavour
symmetry breaking of octet baryon masses. Similarly,
(σu − σd)/(σu + σd) = 0.12(4) is significantly below 1/3,
obtained from simple quark counting. The physical point
results for all quantities discussed above are displayed in
Table VI.
V. COMPARISON WITH OTHER RECENT
DETERMINATIONS OF σpiN AND fTs
In Fig. 18 we compare our results and other direct de-
terminations of σpiN and fTs with those extracted via the
Feynman-Hellmann theorem. The latter indirect evalua-
tions need to determine the slope of the nucleon mass at
the physical point in terms of the light and the strange
quark masses. This requires simulations which ideally in-
clude quark masses which are varied around the physical
values. For light quarks this is usually missing due to the
computational cost while for strange quarks the mass is
normally kept fixed as the physical point is approached.
A notable exception is the recent work of BMW-c [63].
These problems are reflected in the larger variation in the
results compared to the direct methods, in particular, for
fTs . As remarked above, the direct evaluations are con-
sistent and favour small values for σpiN ∼ 35 − 45 MeV
and fTs . 0.05.
Alternative approaches involve the analysis of pion-
nucleon scattering data. Results for σpiN include, for
example, 45(8) MeV from Gasser et al. [10], 64(7) MeV
from Pavan et al. [11], 59(7) MeV from Alarcon et al. [76]
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FIG. 18. Summary of recent lattice determinations of σpiN (left) and of the quark fraction fTs (right). For σpiN obtained
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and 52(7) MeV from Chen et al. [77] and most re-
cently 59.1(3.5) MeV from Hoferichter et al. [13, 14] (see
also references in [14]). As can be seen from Fig. 18,
σpiN ∼ 60 MeV is somewhat above the direct lattice
results. In the Roy Steiner analysis of scattering data
presented in Ref. [14] not only the scalar formfactor and
its slope near the Cheng-Dashen (CD) point are deter-
mined but also ChPT low energy constants are obtained
by matching the ChPT expressions to the sub-threshold
parameters [78]. From the slope and the formfactor at
the CD point the sigma term is estimated neglecting cor-
rections that are formally of order m2pi/m
2
N . The low
energy constants extracted from piN scattering data en-
able a detailed comparison with lattice results, also away
from the physical point. In view of approximations made
in some of the above analyses, the convergence of ChPT
expansions at or near the physical pion mass, clearly, is
of great interest.
First we carry out a consistency check of our σpiN
data, shown in Fig 19: we compare our nucleon masses
(corrected for finite size effects, incorporating system-
atic errors, in the same way as for the sigma term)
with the expectation obtained by integrating the phe-
nomenological (a− bmpi)m2pi parametrization of our σpiN
values (see Section IV) as a function of m2pi (inverse
Feynman-Hellmann method). The integration constant
is adjusted so that the curve goes through the central
value of the smallest pion mass point. Modulo the coars-
est lattice point (β = 5.2, a = 0.08 fm) the parametriza-
tion describes the nucleon mass behaviour very well.
However, it is clear from the figure that from a global
fit to the nucleon mass data alone it would have been
difficult to obtain the slope at the physical pion mass
reliably in a parametrization independent way, unless
data at smaller than physical pion masses were available.
Note that such a Feynman-Hellmann study from BMW-c
found σpiN = 38(3)(3) MeV [63], in agreement with our
direct evaluation.
For comparison we superimpose the heavy baryon
ChPT expression used in Ref. [14], truncating this at
different orders in mnpi,
mN =m
0
N − 4c1m2pi −
3g2Am
3
pi
32piF 2pi
− 3
32pi2F 2pim
0
N
[
g2A +m
0
N (−8c1 + c2 + 4c3)
]
m4pi ln
(
mpi
m0N
)
+
[
e1 − 3
128pi2F 2pim
0
N
(
2g2A − c2m0N
)]
m4pi +O
(
m5pi
)
, (44)
using their set of low energy constants: c1 =
−1.11(3) GeV−1, c2 = 3.13(3) GeV−1, c3 =
−5.61(6) GeV−1. The value e1 = 11.7(4.6) GeV−3 is ad-
justed to reproduce σpiN = 59.1(3.5) MeV at the charged
physical pion mass mpi = 139.57 MeV and we use their
determination m0N = 0.8695 GeV, while gA = 1.2723
and Fpi = 0.0922 GeV are taken from experiment. The
O(m4pi) curve in Fig. 19 (left) corresponds to that shown
in Fig. 28 of Ref. [14]. At least above the physical
pion mass, there is disagreement between lattice data
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and ChPT using this set of low energy constants, also
varying these (including e1) within error bands. Note
that the parametrization of our data shown in Fig. 19
gives c1 = −0.51(4) GeV−1. Fitting to the sigma term
data,10 it is not possible to achieve a c1 value of less than
−0.8 GeV−1.
In Fig. 19 (right) the parametrization used in Ref. [14],
σpiN =− 4c1m2pi −
9g2Am
3
pi
64piF 2pi
− 3
64pi2F 2pim
0
N
[
g2A +m
0
N (−8c1 + c2 + 4c3)
]
m4pi
[
4 ln
(
mpi
m0N
)
+ 1
]
+ 2
[
e1 − 3
128pi2F 2pim
0
N
(
2g2A − c2m0N
)
+
c1
(
l¯3 − 1
)
16pi2F 2pi
]
m4pi +O
(
m5pi
)
, (45)
where l¯3 = 3.41(41), is directly compared with our re-
sults. Unlike the nucleon mass, the sigma term is very
sensitive to the value of e1, as indicated by the shaded
region in the figure. Clearly, the convergence of ChPT
appears to be even inferior to that for the nucleon mass,
at least for mpi ≥ mphyspi . Discussions on the application
of ChPT to the determination of σpiN can be found, for
example, in Ref. [79].
10 The lower limit can be obtained by extrapolating from the
mpi ∼ 150 MeV point using σpiN = −4c1m2pi − 9g2Am3pi/(64piF 2pi),
and ignoring higher order corrections that are in the opposite
direction.
VI. CONCLUSIONS
In summary, we performed a high statistics study of
the pion and nucleon sigma terms with Nf = 2 dynami-
cal non-perturbatively improved clover fermions for pion
masses ranging from mpi ∼ 500 MeV down to close to
the physical point. The set of ensembles available en-
abled a study of volume dependence (Lmpi = 3.42−6.71)
and, for the nucleon, also of lattice spacing effects (a =
0.06−0.08 fm) for mpi & 260 MeV. Finite volume correc-
tions derived from ChPT turn out to be small, in particu-
lar, close to the physical point, and any remaining volume
dependence could be ascribed to statistics. Similarly, for
nucleon observables discretisation effects were not dis-
cernible, although leading O(a) terms are expected for
most quantities and our lattice spacings only vary over a
limited range. Extrapolations of the nucleon sigma term
data using simple forms for the chiral behaviour gave
consistent results with those obtained at the near phys-
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ical point and we used these mpi ∼ 150 MeV values to
form the final results for quantities dominated by light
quarks, such as σpiN and σq=u,d for the proton in the
isospin symmetric theory, summarized in Table VI. For
the scalar couplings, that are expected to be less sen-
sitive to isospin breaking effects, see Eq. (43). For the
strange quark sigma terms and ratios, σs, fTs and y, our
results are not so precise due to large cancellations under
renormalization for Wilson type fermions at our mod-
erate lattice spacings and we quote final values obtained
by extrapolation of the very mild quark mass dependence
from mpi & 260 MeV to the physical point.
A careful analysis procedure was implemented to ex-
tract the connected and disconnected quark line scalar
matrix elements to ensure excited state contamination
is minimized. In particular, for the pion this involved
removing multi-pion states which propagate around the
boundary and can contribute significantly if the temporal
extent of the lattice is not very large. This improvement
enabled us to show the GMOR expectation σpi = mpi/2
is valid up to mpi ∼ 420 MeV consistent with the GMOR
behaviour of the pion mass as a function of the renormal-
ized quark mass over the same range. The improvement
technique may also be useful in the evaluation of other
pion matrix elements.
Our study shows that with σpiN = 35(6) MeV, the
light quarks contribute very little to the mass of the
nucleon. About 30% of this 3–4% fraction is due to
light sea quarks. The strange quark contribution, σs =
35(12) MeV is similarly small. Appealing to the heavy
quark limit, we utilized the α3 perturbative matching re-
sults [6, 52] between a theory of Nf light quarks and one
containing an additional heavy quark in order to evaluate
the mass contributions from the charm, bottom and top
quarks. These contributions are significantly larger than
for the light and strange quarks due to the large quark
masses in the combinations mh〈h¯h〉. Overall, the quarks
contribute about 29% of the mass, with the kinetic ener-
gies of the quarks and gluons and the anomaly accounting
for 53% and 18%, respectively, see Eq. (42). In Table VI
we also provide values for σ0 and z. Estimates of these
quantities and of σpiN from (non-lattice) approaches are
sometimes used in the literature to predict fTq=u,d,s .
Good agreement was found for most quantities with
other direct determinations involving different quark ac-
tions, pion masses, numbers of dynamical flavours, lattice
spacings and volumes, in particular for σpiN and fTs , dis-
played in Fig. 18, determined around the physical point.
These determinations favour small values for both quan-
tities compared to, for example, σpiN = 59.1(3.5) MeV
from Hoferichter et al. [13, 14] from a dispersive analysis
of pion-nucleon scattering data. The pion-nucleon sigma
term gives the slope of the nucleon mass as a function
of m2pi via the Feynman-Hellmann theorem. We showed
our values for the sigma terms describe the nucleon mass
data up to mpi ∼ 420 MeV, providing a consistency check
of the results. In contrast, the heavy baryon ChPT ex-
pansion did not seem to be well controlled above the
physical point. Direct lattice calculation is the most the-
oretically clean approach to evaluate the sigma terms.
Improvements in techniques have led to an increase in
the statistical precision for σpiN and fTs determined in
this way and this must be accompanied by a thorough
investigation of the systematics. Future calculations will
involve Nf = 2 + 1 simulations on CLS ensembles [35]
with open boundaries to remove the uncertainty of omit-
ting the strange quark in the sea (although this is not
expected to be a dominant effect) and to achieve smaller
lattice spacings for which the cancellations in fTs under
renormalization are less severe. In addition, discretisa-
tion and finite volume effects will be addressed system-
atically also for small pion masses.
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Appendix A: Conventions
We work in Euclidean space-time throughout. Our
continuum partition function is defined as
Z =
∫
[dA][dq¯][dq]e
− ∫
V4
d4xL (x)
, (A1)
where q stands for the quark flavours of the theory. Sup-
pressing the flavour index, the Lagrangian reads
L =
1
4
FµνFµν + q¯ (Dµγµ +mq) q, (A2)
where Dµ = ∂µ + igAµ, Aµ = A
a
µt
a, Fµν = − ig [Dµ, Dν ]
and FµνFµν = F
2 = F aµνF
a
µν . This gives the energy-
momentum tensor [17–19]
Tµν = FµρFνρ − 1
4
δµνF
2 +
1
4
q¯
←→
D {µγν}q, (A3)
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where
←→
D µ =
−→
Dµ −←−Dµ. We define the β function and
the quark mass anomalous dimension γ-function as
β(α) =
dα(µ)
d lnµ
= −2α
[
β0
α
4pi
+ β1
( α
4pi
)2
+ · · ·
]
,
(A4)
γm(α) =
d lnm(µ)
d lnµ
= −8pi
[
γ0
α
4pi
+ γ1
( α
4pi
)2
+ · · ·
]
,
(A5)
respectively. In these conventions
β0 = 11− 2
3
Nf , γ0 = 1 . (A6)
The (classical plus anomalous) trace of the energy mo-
mentum tensor, i.e. the interaction measure, can be ob-
tained as the logarithmic derivative of the free energy
density with respect to a scale M [20–24],
Tµµ =
1
V4
d lnZ
d lnM
=
β(α)
α
1
4
F 2 + [γm(α)− 1]mq q¯q. (A7)
Note that the covariant derivative is independent of
the coupling. Rescaling gAµ 7→ Aµ makes this ex-
plicit. As F 2/4 = −(16piα)−1[Dµ, Dν ][Dµ, Dν ] with
α = g2/(4pi), the derivative of the gluon kinetic term
gives −β(α)/(4α)F 2. The anomalous quark mass dimen-
sion is obtained from applying the Leibniz rule to the
derivative of the combination (m/M)
(
M
∫
d4x q¯q
)
.
We decompose Tµν = Tµν + Tˆµν , where T is traceless
and
Tˆµν =
1
4
δµνTρρ. (A8)
With F 2 = 2(E2 + B2), F4µF4µ = E
2 and using the
equations of motion for the quark fields, this gives
T 44 =
1
2
(
E2 −B2)− q¯D · γq − 3
4
mq q¯q, (A9)
where − 14mq q¯q is the classical contribution to Tˆ44. Note
that −T44 is the energy density.
Within Eq. (A7) the combinations
mq q¯q ,
β(α)
4α
F 2 + γm(α)mq q¯q, (A10)
taken between physical states, are both renormaliza-
tion group invariants (RGI), however, the second term
is discontinuous at flavour thresholds. Note that this
term, multiplied by −8/β0 gives the combination whose
vacuum expectation value is known as the RGI defini-
tion of the non-perturbative gluon condensate [25]. The
scale independence of the two contributions shown in
Eq. (A10) enables, within the heavy quark approxima-
tion, the matching of a theory of Nf quark flavours at a
scale M < mh to a theory of Nf light flavours plus one
heavy flavour of mass mh at a scale M > mh [1].
Appendix B: Spectral decomposition of the pion
two- and three-point functions
In order to motivate our method for reducing excited
state contributions and the subsequent choice of fit forms
we start with the transfer matrix expressions for C2pt and
C3pt in Eqs. (14) and (15), respectively, with periodic
boundary conditions:
C2pt(tf , 0) =
1
Z(T )
Tr
[
e−(T−tf )HˆH(0)e−tfHˆH(0)
]
=
∑
n,m
〈n|H(0)|m〉〈m|H(0)|n〉e−(T−tf )Ene−tfEm , (B1)
C3pt(tf , t, 0) =
1
Z(T )
Tr
[
e−(T−tf )HˆH(0)e−(tf−t)HˆS(0)e−tHˆH(0)
]
− 1
Z(T )
Tr
[
e−(T−t)HˆS(0)e−tHˆ
] 1
Z(T )
Tr
[
e−(T−tf )HˆH(0)e−tfHˆH(0)
]
(B2)
=
∑
k,n,m
〈n|H(0)|m〉〈m|S(0)|k〉〈k|H(0)|n〉e−(T−tf )Ene−(tf−t)Eme−tEk
−
[∑
n
〈n|S(0)|n〉e−TEn
][∑
n,m
〈n|H(0)|m〉〈m|H(0)|n〉e−(T−tf )Ene−tfEm
]
, (B3)
where Hˆ is the lattice Hamiltonian and Z(T ) =
〈0|e−THˆ |0〉 the partition function.11 For convenience,
11 In principle, the spectral decomposition of the partition function
Z(T ) =
∑
n〈n|e−THˆ |n〉 =
∑
n e
−EnT should also be consid-
we assume that the source time ti = 0 and H(t) =
ered, however, we are always interested in ratios of correlation
functions where this factor drops out at leading order.
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~xH(~x, t). For an interpolator H = u¯γ5d with pseu-
doscalar quantum numbers, JP = 0−, the overlap ma-
trix 〈n|H(0)|m〉 can link any (single- or multi-particle)
states |n〉 and |m〉 with J = 0 if and only if the states
have opposite parity and ∆I = 1. Similarly, the matrix
element 〈n|S(0)|m〉 for the scalar operator S = q¯q is non-
zero for n and m with the same parity, J , isospin and
strangeness. We denote the even states, |0〉, |2〉, |4〉, . . .
and the odd states, |1〉, |3〉, |5〉 . . ., where |0〉 represents
the vacuum and |1〉 the ground state pion. Since the
lowest lying single-particle 0+ state12 is heavier in mass
than 2mpi and the radially excited pion lies above 1 GeV
then |n〉 can be thought of as an n-pion multi-particle
state for small n. Considering only n ≤ 2 to begin with,
the spectral decompositions are given by
C2pt(tf , 0) = |Z01|2e−tfE1
{
1 + e−(T−2tf )E1 +
|Z12|2
|Z01|2
[
e−(T−tf )E2 + e−tfE2e−(T−2tf )E1
]}
, (B4)
C3pt(tf , t, 0) = |Z01|2e−tfE1
{
〈1|S|1〉sub + |Z12|
2
|Z01|2
(
〈1|S|1〉sube−(T−tf )E2 + 〈2|S|2〉sube−(T−2tf )E1e−tfE2
)
+
Z∗01Z21
|Z01|2 〈0|S|2〉e
−(T−2tf )E1
(
e−tE2 + e−(tf−t)E2
)
− (〈1|S|1〉e−TE1 + 〈2|S|2〉e−TE2) (1 + e−(T−2tf )E1 + |Z21|2|Z01|2
[
e−tfE1e−(T−tf )E2 + e−tfE2e−(T−tf )E1
])}
,
(B5)
for T > tf > t > 0, where 〈n|S|n〉sub = 〈n|S|n〉− 〈0|S|0〉,
the overlap Znm = Z
∗
mn = 〈n|H(0)|m〉 and En ≈ nE1
is the energy of state |n〉. Note that the expressions
above are relevant for correlators generated with the
same source and sink interpolator, for example, smeared-
smeared (SS) two- and three-point functions. Corrections
to ground state dominance involve terms arising from a
forward propagating pion state together with a scalar
(two-pion) state propagating backward around the tem-
poral boundary and vice versa. Depending on the size of
the overlaps and matrix elements, some of the terms in
Eq. (B5) can be large for tf & T/2, in particular since E2
is rather small, for example, 2ampi ≈ 0.11 for ensemble
VIII in Table II.
Contributions involving an odd parity state propagat-
ing across the boundary in the backward direction can
be removed by constructing correlation functions from
quark propagators with different boundary conditions in
time. For example, the two-point function with the spec-
tral decomposition of Eq. (B4) is computed using
C2pt(tf , 0) =
∑
~x
Tr
[
(M−1)†(~x, tf ;~0, 0)M−1(~x, tf ;~0, 0)
]
,
(B6)
where both propagators, M−1(~x, tf ;~0, 0), have anti-
periodic boundary conditions (AP) in time imposed. If
instead one of the propagators has periodic boundary
conditions (P), then the two-point function for this AP-P
combination will change sign when crossing the tempo-
ral boundary. This choice corresponds to the H-boundary
condition of Ref. [85] that had been used in earlier stud-
ies of nucleon excited states [86]. Such boundary effects
were first discussed in Ref. [87]. Returning to Eq. (B1)
and separating the terms into two sums gives:
C2pt(tf , 0) =
 ∑
n even,m odd
+
∑
n odd,m even
 〈n|H(0)|m〉〈m|H(0)|n〉e−(T−tf )Ene−tfEm . (B7)
The AP-P two-point function, CAP−P2pt , will have a minus sign for the second sum relative to C
AP−AP
2pt . Taking the
average of these, we obtain the forward propagating odd parity states only:
C improv2pt (tf , 0) =
1
2
[
CAP−P2pt (tf , 0) + C
AP−AP
2pt (tf , 0)
]
= |Z01|2e−tfE1
[
1 +
|Z12|2
|Z01|2 e
−(T−tf )E2 + . . .
]
. (B8)
12 This is the σ/f0(500).
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The same effect can be achieved for the three-point function by combining both AP and P quark propagators:
C improv3pt (tf , t, 0) =
1
2
[
CAP−P3pt (tf , t, 0) + C
AP−AP
3pt (tf , t, 0)
]
. (B9)
For the disconnected part this corresponds to
C improv,dis3pt (tf , t, 0) = 〈C improv,c2pt (tf , 0)Lc(t)〉c, (B10)
cf. Eq. (16), where the loop is constructed from a propagator with AP boundary conditions, (M−1)AP, while for the
connected part,
C improv,conn3pt (tf , t, 0) =
1
2
{〈Tr [(M−1)P†(tf , 0)(M−1)AP(tf ; t)(M−1)AP(t; 0)]〉
+〈Tr [(M−1)AP†(tf , 0)(M−1)AP(tf ; t)(M−1)AP(t; 0)]〉} . (B11)
The improved three-point function has the spectral decomposition
C improv3pt (tf , t, 0) = |Z01|2e−tfE1
[
1 +
|Z12|2
|Z01|2 e
−(T−tf )E2 + . . .
] [〈1|S|1〉sub − 〈1|S|1〉e−TE1 − 〈2|S|2〉e−TE2 − . . .] ,
(B12)
≈ |Z01|2e−tfE1
[
1 +
|Z12|2
|Z01|2 e
−(T−tf )E2 + . . .
]
〈1|S|1〉sub. (B13)
In the last step we neglect the terms with factors, e−TE1 and e−TE2 , which are e−TE1 < 0.03 and e−TE2 < 0.001,
respectively, for the ensembles in Table I. These limits are calculated using E2 = 2mpi and the smallest value for
Tmpi ∼ 3.5 (obtained from ensemble VIII). Note that such terms can be significant in finite temperature studies [88],
where, however, the use of AP boundary conditions is mandatory.
In some cases in our study the improved three-point functions still contain significant contributions from the next
state (the forward propagating |3〉 state). Including the appropriate terms, we have
C improv2pt (tf , 0) = |Z01|2e−tfE1
[
1 +
|Z21|2
|Z01|2 e
−(T−tf )E2 +
|Z03|2
|Z01|2 e
−tf∆E + . . .
]
(B14)
≈ |Z01|2e−tfE1
[
1 +
|Z03|2
|Z01|2 e
−tf∆E
]
, (B15)
C improv3pt (tf , t, 0) = |Z01|2e−tfE1
[
〈1|S|1〉sub
(
1 +
|Z21|2
|Z01|2 e
−(T−tf )E2
)
+
|Z03|2
|Z01|2 〈3|S|3〉sube
−tf∆E +
Z∗10Z30
|Z01|2 〈1|S|3〉
(
e−(tf−t)∆E + e−t∆E
)
+ . . .
]
, (B16)
≈ |Z01|2e−tfE1
[
〈1|S|1〉sub + |Z03|
2
|Z01|2 〈3|S|3〉sube
−tf∆E +
Z∗10Z30
|Z01|2 〈1|S|3〉
(
e−(tf−t)∆E + e−t∆E
)]
,
(B17)
in the limit tf  T , where e−(T−tf )E2 ∼ 0. ∆E denotes the difference E3 − E1. We also compute the ratio of the
improved three-point and two-point functions. If the excited state contribution to C improv2pt is small, the ratio has the
time dependence
Rimprov(tf , t, 0) ≈〈1|S|1〉dissub +
|Z03|2
|Z01|2 [〈3|S|3〉sub − 〈1|S|1〉sub] e
−tf∆E +
Z∗30Z10
|Z01|2 〈3|S|1〉
(
e−(tf−t)∆E + e−t∆E
)
, (B18)
where terms with factors, e−2tf∆E and e−(tf+t)∆E and
smaller are not included. For our data these assumptions
are reasonable as demonstrated in Fig. 4 which shows the
deviation of improved two-point functions from ground
state dominance for ensembles with mpi = 289 MeV and
mpi = 150 MeV. Excited state contributions are small
and drop below the noise for tf . 10a.
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The connected and disconnected contributions to the
three-point function are analysed individually. Equa-
tions (B5), (B13), (B17) and (B18) give the functional
forms of the disconnected part, which includes the sub-
traction of 〈0|S|0〉. For the connected part the ex-
pressions are similar and can be obtained by replacing
〈n|S|n〉sub by 〈n|S|n〉 for n = 1, 2, 3. Also in Eq. (B5)
the subtracted term in the last line is not present.
Finally, if different interpolators are employed at
source and sink, for example, connected or disconnected
three-point functions that are smeared at the source and
local at the sink, then one cannot simplify,
Z∗30Z10
|Z01|2 〈3|S|1〉e
−(tf−t)∆E +
Z∗10Z30
|Z01|2 〈1|S|3〉e
−t∆E
=
Z∗30Z10
|Z01|2 〈3|S|1〉
[
e−(tf−t)∆E + e−t∆E
]
, (B19)
and similarly in Eqs. (B5), (B13), (B17) and (B18). Ac-
cordingly, in this case the functional forms must be mod-
ified to allow for different coefficients for these pairs of
terms.
Appendix C: Finite volume corrections to the
nucleon and pion sigma terms
For convenience we collect the expressions used for ap-
plying finite volume corrections to the pion and nucleon
sigma terms. For the pion we use NLO ChPT [46, 47],
mpi(L) = mpi
[
1 +
2
Nf
m2pi
16pi2F 2
I(λ)
]
, (C1)
with
I(λ) =
∑
~n
K1(λ|~n|)
λ|~n| , (C2)
where λ = Lmpi, K1 is the modified Bessel function of
the second kind and ~n 6= ~0 is an integer valued vector.
Using the Feynman-Hellmann theorem and the GMOR
relation we have for the finite volume pion sigma term,
σpi(L) = 2σu(L) = 2σd(L),
σpi(L) =
1
mpi(L)
∂m2pi(L)
∂ lnmu
∣∣∣∣
L fixed
= σpi
∂mpi(L)
∂mpi
∣∣∣∣
L fixed
(C3)
= σpi
[
1 +
2
Nf
m2pi
16pi2F 2
(
3I(λ) + λ
dI(λ)
dλ
)]
,
(C4)
where F , mpi and σpi are the pion decay constant, pion
mass and sigma term in the infinite volume limit, respec-
tively. We can then invert the equation above, truncating
at O(m2pi):
σu = σu(L)
[
1− 2
Nf
m2pi
16pi2F 2
(
3I(λ) + λ
dI(λ)
dλ
)]
.
(C5)
For the nucleon we again use NLO ChPT, see, for ex-
ample, Ref. [48]:
mN (L) = mN
[
1 +
3g2Am
2
pi
16pi2F 2
I0(λ,mN/mpi)
]
, (C6)
where
I0(λ,mN/mpi) =
∫ ∞
0
dx
∑
~n
K0
(
λ|~n|
√
m2N
m2pi
x2 + 1− x
)
.
(C7)
With the Feynman-Hellmann theorem and the GMOR
relation,
σpiN (L) =
∂mN (L)
∂ lnm`
∣∣∣∣
L fixed
≈ m2pi
∂mN (L)
∂m2pi
∣∣∣∣
L fixed
,
(C8)
this leads to
σpiN (L) = σpiN +
3g2Am
2
pi
16pi2F 2
[(σpiN +mN )I0(λ,mN/mpi)
+mNI1(λ,mN/mpi)] , (C9)
where
I1(λ,mN/mpi) =
∫ ∞
0
dx
x− 1
2
√
m2N
m2pi
x2 + 1− x
∑
~n
λ|~n|K1
(
λ|~n|
√
m2N
m2pi
x2 + 1− x
)
. (C10)
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Inverting the above formula and truncating at O(m2pi), we obtain
σpiN = σpiN (L)− 3g
2
Am
2
pi
16pi2F 2
[(σpiN (L) +mN )I0(λ,mN/mpi) +mNI1(λ,mN/mpi)] . (C11)
For the corrections to both the pion and nucleon sigma
terms we estimate the error of the finite volume shifts to
be half the size of the correction applied. This is added
in quadrature to the statistical and the other systematic
uncertainties.
The above formulae entail the pion mass in infinite
volume. This is obtained using the largest available vol-
ume for each (β, κ) combination, the NNNLO analytic
expressions of Ref. [45] and the low energy constants of
Refs. [45, 50], see Ref. [34] for details.
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